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Zh dqdo|}h d rqh0glphqvlrqdo prgho ri vsdwldo srolwlfdo frpshwlwlrq zlwk
wzr sduwlhv dqg xqfhuwdlqw| rq wkh glvwulexwlrq ri yrwhuv* w|shv1 Zh dvvxph
wkdw sduwlhv duh iruphg e| uhjxodu phpehuv dqg surihvvlrqdo srolwlfldqv>
phpehuv fduh derxw wkh srolf| hqdfwhg/ zkloh surihvvlrqdo srolwlfldqv/ rq wkh
frqwudu|/ rqo| fduh derxw zlqqlqj wkh hohfwlrq1 Zh frqvlghu wzr srvvlelolwlhv=
wkdw phpehuv fkrrvh wkh srolwlfdo sodwirupv dqg wkdw surihvvlrqdo srolwlfldqv
duh wkh rqhv zkr fkrrvh vxfk sodwirupv1 Wkh h{shfwhg xwlolw| iru sduw|
phpehuv lv dqdo|}hg xqghu wkhvh wzr fdvhv1 Zh ￿qg wkdw zkhq surihvvlrqdo
srolwlfldqv kdyh qr lqirupdwlrqdo dgydqwdjh/ lw lv rq wkh lqwhuhvw ri erwk
sduwlhv wr ohw surihvvlrqdo srolwlfldqv fkrrvh wkh sodwirupv1 Rqo| lq wkh
fdvh lq zklfk surihvvlrqdo srolwlfldqv kdyh pxfk ehwwhu lqirupdwlrq wkdq
wkh phpehuv ri wkh sduw| derxw yrwhuv lv lw srvvleoh wkdw sduw| phpehuv
rewdlq d juhdwhu h{shfwhg xwlolw| fkrrvlqj wkh sodwirupv wkhpvhoyhv udwkhu
wkdq ohwwlqj wkh surihvvlrqdo srolwlfldqv fkrrvh1
Nh| zrugv= Sduw| frpshwlwlrq> Ghohjdwlrq> Dv|pphwulf Lqirupdwlrq1
5￿ W￿A+￿#N￿AW￿￿
Wkh wudglwlrqdo ylhz lq prghov ri vsdwldo srolwlfdo frpshwlwlrq dvvxphv wkdw
sduwlhv duh qrq0lghrorjlfdo rujdql}dwlrqv uxq e| surihvvlrqdo srolwlfldqv zkr
wu| wr pd{lpl}h wkh suredelolw| ri zlqqlqj wkh hohfwlrq +vhh Grzqv ^<‘ ,1
Pdq| uhfhqw sdshuv/ krzhyhu/ wdnh d gl￿huhqw srvlwlrq zklfk vxssrvhv wkdw
srolwlfdo frpshwlwlrq lv ehvw ghvfulehg e| lghrorjlfdo sduw| frpshwlwlrq +vhh
iru h{dpsoh Zlwwpdq ^4;‘/ Fdoyhuw ^8‘/ Dohvlqd ^4‘/ Urhphu ^49/ 4:‘/ Dohvlqd
dqg Urvhqwkdo ^6/ 5‘ / Ruwxqr0Ruw￿ ￿q ^45‘ dqg wkh vxuyh| lq Rveruqh^46‘,1 Lq
wklv fdvh sduwlhv kdyh suhihuhqfhv rq wkh srolf| vsdfh dqg wkhlu jrdo lv qrw wr
zlq wkh hohfwlrq shu vh exw wr lpsohphqw wkh ehvw srvvleoh srolf| dffruglqj
wr wkrvh suhihuhqfhv1
Lq prghov zlwk qrq0lghrorjlfdo sduwlhv +Grzqvldq prghov, wkh jhqhudo
uhvxow/ iru wkh wzr sduw| fdvh/ lv wkdw dw htxloleulxp wkh srolf| sursrvdov
frqyhujh1 Xqghu wkh dowhuqdwlyh dssurdfk ri lghrorjlfdo sduwlhv/ dqg dv0
vxplqj xqfhuwdlqw|/ wkh w|slfdo uhvxow lv wkdw wkh srolf| sursrvdov gr qrw
frqyhujh +vhh Urhphu ^49/ 4:‘1,
Wklv sureohp ri wkh remhfwlyh ixqfwlrq ri sduwlhv lv/ lq fhuwdlq dvshfwv/
sdudooho wr wkh pxfk vwxglhg txhvwlrq lq hfrqrplfv ri wkh remhfwlyh ri wkh
￿up1 Zh fdq vhh phpehuv dqg vxssruwhuv ri d sduw| dv wkh vkduhkroghuv ri
d ￿up dqg surihvvlrqdo fdqglgdwhv ru srolwlfldqv dv wkh pdqdjhuv1 Pdqdjhuv
jrdov gl￿hu iurp wkrvh ri wkh vkduhkroghuv1 Rqh ri wkh sureohpv idfhg e|
vkduhkroghuv lv krz wr frqwuro wkh dfwlrqv wdnhq e| pdqdjhuv1 Lw lv frpprq
wr dvvxph wkdw pdqdjhuv kdyh ehwwhu lqirupdwlrq derxw vrph uhohydqw hfr0
qrplf yduldeohv wkdq vkduhkroghuv1 Lq rxu sureohp lw zloo eh dvvxphg wkdw
surihvvlrqdo srolwlfldqv kdyh ehwwhu lqirupdwlrq derxw wkh hohfwrudwh wkdq
wkh jhqhudo phpehuv ri wkh sduw|1
Lq wklv sdshu zh frqvlghu d yhu| vlpsoh prgho ri srolwlfdo frpshwlwlrq
zlwk wzr sduwlhv zklfk fdq eh uxq hlwkhu e| wkh phpehuv ru e| surihvvlrqdo
srolwlfldqv1 Zh zloo lghqwli| wkh phpehuv zlwk wkh sduw| dqg wkh surihvvlrqdo
6srolwlfldqv zlwk wkh fdqglgdwh1 Sduwlhv zloo kdyh zhoo gh￿qhg suhihuhqfhv rq
wkh vhw ri ihdvleoh srolflhv1 Fdqglgdwhv/ rq wkh frqwudu|/ rqo| fduh derxw
zlqqlqj wkh hohfwlrq dqg wkh| pd| kdyh ehwwhu lqirupdwlrq wkdq wkh sduwlhv
derxw wkh +xqfhuwdlq, glvwulexwlrq ri yrwhuv1
Wzr pdlq vfhqdulrv zloo eh dqdo|}hg= l, Wkh wzr sduwlhv gluhfwo| frpshwh
ehwzhhq wkhpvhoyhv dqg fdqglgdwhv grq*w sod| dq| uroh1 Wklv zrxog eh
wkh fdvh lq zklfk/ iru h{dpsoh/ wkh sduw| jhqhudo dvvhpeo| ghwhuplqhv wkh
srolwlfdo sodwirup dqg wkh fdqglgdwh lv d shuihfw djhqw ri wkh sduw|￿1 ll, Lq
wkh vhfrqg vfhqdulr zh frqvlghu wkh _Grzqvldq% fdvh lq zklfk frpshwlwlrq
wdnhv sodfh ehwzhhq wkh fdqglgdwhv1 Fdqglgdwhv grq*w fduh derxw wkh srolf|
wkdw lv hqdfwhg/ wkh| mxvw zdqw wr zlq wkh hohfwlrq1 Khuh sduw| phpehuv zloo
kdyh qr lq￿xhqfh rq wkh srolwlfdo sursrvdov21
Rxu remhfwlyh lv wr frpsduh wkh h{0dqwh h{shfwhg xwlolw| +l1h1 wkh h{0
shfwhg xwlolw| ehiruh wkh rxwfrph ri wkh hohfwlrq lv nqrzq, wkdw sduwlhv zloo
jhw xqghu wkhvh wzr fdvhv1 Wkh uhvxowv zloo ghshqg rq wkh h{whqw ri dv|p0
phwu| ri lqirupdwlrq ehwzhhq fdqglgdwhv dqg sduwlhv1 Lq wkh fdvh lq zklfk
vxfk dq dv|pphwu| grhv qrw h{lvw/ vr wkdw fdqglgdwhv dqg sduwlhv kdyh wkh
vdph lqirupdwlrq derxw wkh +xqfhuwdlq, glvwulexwlrq ri yrwhuv* suhihuhqfhv/
zh vkrz wkdw erwk sduwlhv duh/ h{0dqwh/ ehwwhu r￿ li fdqglgdwhv uxq wkh sduw|/
l1h1/ wkh| duh ehwwhu r￿ lq fdvh ll, wkdq lq fdvhv l,1 Wkh lqwxlwlrq lv vlpsoh1 Li
sduwlhv frpshwh dprqj wkhpvhoyhv dqg wkhuh lv xqfhuwdlqw| derxw wkh glvwul0
exwlrq ri yrwhuv/ dw htxloleulxp wkhuh lv qr frqyhujhqfh dqg/ wkhuhiruh/ wkh
rxwfrph lv d orwwhu|1 Vrphwlphv wkh rxwfrph lv d _ohiwlvw% srolf| dqg vrph0
wlphv lv d _frqvhuydwlyh% srolf|1 Lq wkh fdvh ri fdqglgdwh frpshwlwlrq/ rq
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7wkh frqwudu|/ wkhuh lv dozd|v frqyhujhqfh wr wkh h{shfwhg phgldq yrwhu lghdo
srolf| zklfk lv d _prghudwh% srolf|1 Li sduwlhv duh ulvn0dyhuvh wklv prghudwh
srolf| lv suhihuuhg e| erwk sduwlhv wr wkh h{shfwhg rxwfrph xqghu gluhfw
sduw| frpshwlwlrq1 Wkxv/ rxu uhvxow zloo vkrz qrw rqo| wkdw wkh rxwfrph lq
fdvh ll, lv ohvv h{wuhph wkdq wkh rxwfrph lq l,/ exw dovr wkdw erwk lghrorjlfdo
sduwlhv duh ehwwhu r￿ xqghu ll, wkdq xqghu l,1 Krzhyhu/ zkhq fdqglgdwhv
kdyh pxfk ehwwhu lqirupdwlrq wkdq sduwlhv derxw wkh glvwulexwlrq ri yrwhuv*
suhihuhqfhv wklv lqvxudqfh h￿hfw pd| glvdsshdu1 Qdpho|/ zh zloo vkrz wkdw
lq fdvh ll, wkh h{shfwhg xwlolw| iru sduwlhv lv ghfuhdvlqj lq wkh _dprxqw%
ri lqirupdwlrq fdqglgdwhv kdyh derxw wkh glvwulexwlrq ri yrwhuv1 Pruhryhu/
lq wkh fdvh lq zklfk sduwlhv duh xqfhuwdlq derxw wkh glvwulexwlrq ri yrwhuv/
dqg fdqglgdwhv kdyh frpsohwh lqirupdwlrq derxw vxfk glvwulexwlrq/ wkh lq0
vxudqfh h￿hfw frpsohwho| glvdsshduv= sduwlhv duh zruvh r￿ lq wkh fdvh ri
fdqglgdwh frpshwlwlrq wkdq xqghu wkh fdvh lq zklfk wkh| gluhfwo| frpshwh
dprqj wkhpvhoyhv1
Li zh dffhsw wkh ylhz wkdw lq prvw dgydqfhg ghprfudflhv surihvvlrqdo
srolwlfldqv dqg wkh jhqhudo srsxodwlrq vkduh wkh vdph edvlf lqirupdwlrq
derxw wkh glvwulexwlrq ri yrwhuv/￿ wkhq rxu uhvxowv vxjjhvw wkdw frpshwl0
wlrq ehwzhhq surihvvlrqdo srolwlfldqv/ zkr rqo| zdqw wr eh lq r￿fh/ pd| eh
dq h￿flhqw zd| wr lqvxuh sduwlhv +dqg yrwhuv, djdlqvw _udglfdo% fkdqjhv lq
srolf|1
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Lq wklv dqg wkh qh{w vhfwlrqv zh prgho srolwlfdo frpshwlwlrq dv d jdph
sod|hg e| wkh wzr sduwlhv1 Fdqglgdwhv sod| qr uroh khuh dqg zloo rqo| eh
lqwurgxfhg lq Vhfwlrq 71 Sduwlhv kdyh zhoo gh￿qhg xwlolw| ixqfwlrqv rq wkh
vsdfh ri ihdvleoh srolflhv1
Ohw ? eh wkh vhw ri djhqwv* w|shv1 Djhqw ri w|sh $ 5?kdv yrq Qhxpdqq0
Prujhqvwhuq xwlolw| ixqfwlrq x+=>$,=?$? / zkhuh x lv d frqfdyh ixqfwlrq
dqg $ lv wkh lghdo srlqw ri w|sh $/ l1h1/ $ lv vxfk wkdw x+$>$, Ax +{>$, iru
doo { 9@ $1 Zh dvvxph wkdw x+{>$, lv v|pphwulf derxw $/ wkdw lv/ iru doo
{ 5?zh kdyh x+$ ￿ {>$,@x+$ . {>$, e1 Wr pdnh vrph surriv vlpsohu
zh dovr dvvxph wkdw x+=, lv wzlfh frqwlqxrxvo| gl￿huhqwldeoh1
Wkh wzr sduwlhv duh ghqrwhg e| O dqg U1 Sduw| O +U, kdv xwlolw| ixqfwlrq
xu = ? $?+x- = ?$? , wkdw frlqflghv zlwk wkh xwlolw| ixqfwlrq ri djhqw
ri w|sh $ @3+ $ @ 4,/ l1h1/ xu+{,@x+{>3, iru doo { 5?+ x-+{,@
x+{>4, iru doo { 5? ,1 Wkh srolwlfdo jdph lv vxfk wkdw hdfk sduw| dqqrxqfhv
+vlpxowdqhrxvo|, d srolf| zklfk pxvw eh dq hohphqw ri ?1 Hdfk djhqw yrwhv
iru wkh sduw| wkdw dqqrxqfhgwkh srolf| zklfkjlyhv d kljkhu xwlolw| dffruglqj
wr khu xwlolw| ixqfwlrq1 Ohw o 5?+u 5? , eh wkh srolf| dqqrxqfhg e| sduw|
O +U,1 Jlyhq wkh sdlu ri sursrvdov +o>u,/ wkh djhqw ri w|sh $ yrwhv iru O
+U,l ix+o>$, Ax +u>$,+ l ix+o>$, ?x +u>$,,1 Li x+o>$,@x+u>$, vkh yrwhv
iru sduw| O zlwk suredelolw| 4251 D Lw lv qrw gl￿fxow wr vkrz wkdw/ jlyhq
+o>u,> wkh djhqw ri w|sh $_+o>u,= @,no
2 lv lqgl￿huhqw ehwzhhq o dqg u dqg doo
djhqwv zlwk w|sh $?$ _+o>u,+ $A$ _+o>u,, zloo yrwh iru sduw| O +U,1 Wkh
h{lvwhqfh ri wklv _glylglqj% w|sh $_+o>u, zloo vlpsoli| vrph ri wkh surriv1 Li
o 9@ u sduw| O +U, zloo zlq wkh hohfwlrq zkhqhyhu $_+o>u, lv juhdwhu +ohvv,
wkdq wkh phgldq w|sh1 Lq wkh fdvh erwk sduwlhv dqqrxqfh wkh vdph srolf|/
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9l1h1 o @ u @ $_+o>u,/ sduw| O zlqv zlwk suredelolw| 3=81 Qrwh wkdw sduwlhv
qhhg lqirupdwlrq rqo| derxw wkh orfdwlrq ri wkh w|sh frqwdlqlqj wkh phgldq
yrwhu1
Zh vxssrvh wkdw sduwlhv duh xqfhuwdlq derxw wkh glvwulexwlrq ri yrwhuv*
w|shv +vhh Urhphu ^49/ 4:‘/ Zlwwpdq ^4;/ 4<‘ dqg Kdqvvrq dqg Vwxduw
^44‘,1 Qdpho|/ sduwlhv duh xqfhuwdlq derxw wkh phgldq w|sh1 Wkh| eholhyh
wkdw wkh phgldq w|sh lv d udqgrp yduldeoh glvwulexwhg dffruglqj wr wkh
ghqvlw| ixqfwlrq i = ? $? n1 Wklv ixqfwlrq lv xqlprgdo dqg v|pphwulf
zlwk uhvshfw wr wkh srlqw 425 dqg i dwwdlqv lwv pd{lpxp dw 4251
Dvvxpswlrq 4 Wkh ghqvlw| ixqfwlrq i lv xqlprgdo dqg vdwlv￿hv
41 i+{,@3li {@ 5 ^3>4‘
51 i+￿
2 ￿ n,@i+￿
2 .n, iru doo n 5 ^3> ￿
2‘
61 i+￿
2, ￿ i+{, iru doo { 5 ^3>4‘
Wkh lghd lv wkdw wkh h{shfwhg phgldq w|sh lv 3181 Sduwlhv duh _orfdwhg%
durxqg vxfk dq h{shfwhg ydoxh1 Wkh dfwxdo phgldq w|sh/ krzhyhu/ fdq ghyl0
dwh lq rqh gluhfwlrq ru wkh rwkhu iurp 3181 Zh dvvxph wkdw vxfk ghyldwlrqv
duh htxdoo| suredeoh lq hlwkhu gluhfwlrq1 Pruhryhu/ wkh lghdo srolf| ri wkh
phgldq yrwhu lv dozd|v lq ehwzhhq wkh lghdo srolf| ri sduw| U dqg wkh lghdo
srolf| ri sduw| O1 Khqfh wkh lghdo srolf| ri wkh phgldq yrwhu zloo eh dq
hohphqw lq wkh vhw ￿ @ ^3>4‘1S1 Zh zloo ghqrwh e| I wkh fxpxodwlyh ghqvlw|
ixqfwlrq ri i1 Zh dovr dvvxph wkdw I lv frqwlqxrxv dqg I+ 3 ,@3 1
Ohw ￿+o>u, eh wkh suredelolw| wkdw sduw| O zlqv1 Li o @ u zh kdyh ￿+o>u,@
￿
2= Li o 9@ u zh kdyh wkdw ￿+o>u, lv wkh suredelolw| wkdw wkh glylglqj w|sh
$_+o>u, lv juhdwhu wkdq wkh phgldq w|sh/ l1h1 ￿+o>u,@I+$_+o>u,,1
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:￿ AO, ￿￿+Av ,"NWwW￿+WN￿
Lq wklv vhfwlrq zh dqdo|}h wkh htxloleulxp ri wkh jdph sod|hg e| wkh wzr
sduwlhv zkhq fdqglgdwhv kdyh qr lq￿xhqfh rq wkh hohfwlrq ri vwudwhjlhv1 Li
sduw| O dqg sduw| U sursrvh o dqg u uhvshfwlyho|/ wkh h{shfwhg xwlolwlhv ri
sduwlhv duh jlyhq e|
yu+o>u, ￿ ￿+o>u,xu+o,.+ 4￿￿+o>u,,xu+u, +4,
y-+o>u, ￿ ￿+o>u,x-+o,.+ 4￿￿+o>u,,x-+u, +5,
D Sduw| Htxloleulxp +SH, lv d sdlu ri sursrvdov +oR>uR, zklfk lv d Qdvk
htxloleulxp ri wkh jdph sod|hg e| wkh sduwlhv zlwk wkh sd|r￿ ixqfwlrqv jlyhq
e| +4, dqg +5,1
Wkh qh{w dvvxpswlrq zloo eh xvhg wr hvwdeolvk wkh h{lvwhqfh ri d SH1
Dvvxpswlrq 5 1 +Orj0frqfdylw| ri I dqg 4 ￿ I ,1 Wkh udwlr
sE%￿
8E%￿ lv qrq
lqfuhdvlqj dqg wkh udwlr
sE%￿
￿38E%￿ lv qrq ghfuhdvlqj lq {1.
Zh vd| wkdw d Sduw| Htxloleulxp +oR>u R, lv v|pphwulf li oR @4￿ uR=
Wkh iroorzlqj ohppd vkrzv wkh h{lvwhqfh ri d xqltxh v|pphwulf Sduw|
Htxloleulxp1H
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;Ohppd 4 Ohw Dvvxpswlrqv 4 dqg 5 krog1 Wkhq wkhuh h{lvwv d xqltxh v|p0
phwulf Sduw| Htxloleulxp/ +oR>uR,1 Ixuwkhupruh>o R ?u R1
Doo wkh surriv duh surylghg lq wkh dsshqgl{1
Zh zloo ghqrwh e| ￿ yu +￿ y-, wkh h{shfwhg xwlolw| iru sduw| O +U,l qw k h
Sduw| Htxloleulxp/ l1h1/ ￿ yu @ yu+oR>uR,d q g￿ y- @ y-+oR>uR,1
e ￿￿￿￿,AWAW￿￿ ‘WAO #￿‘￿5W￿￿ ￿￿￿#W￿
#￿A,5
Zh qrz dvvxph wkdw erwk sduwlhv duh uxq e| surihvvlrqdo srolwlfldqv zklfk
zh fdoo fdqglgdwhv1 Wr pdnh wklqjv vlpsohu lw lv dvvxphg wkdw hdfk sduw| lv
uxq e| d xqltxh fdqglgdwh1 Fdqglgdwhv duh qrw lghrorjlfdo/ wkdw lv/ wkh| gr
qrw kdyh suhihuhqfhv rq wkh srolwlfdo lvvxhv1 Wkhlu remhfwlyh lv wr pd{lpl}h
wkh suredelolw| ri zlqqlqj wkh hohfwlrq1
Lq wklv vhfwlrq zh dqdo|}h wkh vshfldo fdvh lq zklfk sduwlhv kdyh qr phdqv
wr frqwuro wkh srolf| dgrswhg e| wkh fdqglgdwhv1 Rxu wdvn zloo eh wr frpsduh
wkh h{shfwhg xwlolw| ri sduwlhv xqghu wkh htxloleulxp rewdlqhg lq wkh suhylrxv
vhfwlrq zlwk wkhlu h{shfwhg xwlolw| li fdqglgdwhv uxq wkh sduwlhv1
Zh zdqw wr prgho wkh lghd wkdw fdqglgdwhv pd| kdyh ehwwhu lqirupd0
wlrq wkdq sduwlhv derxw wkh glvwulexwlrq ri wkh phgldq yrwhu1 Wklv ehwwhu
lqirupdwlrq zloo eh ghvfulehg e| d +phdvxudeoh, sduwlwlrq S ri ￿ @ ^3>4‘1
Wkxv/ li fdqglgdwhv kdyh wkh _lqirupdwlrq sduwlwlrq% S dqg ￿ { lv wkh wuxh
phgldq w|sh/ fdqglgdwhv nqrz wkdw wkh wuxh phgldq w|sh lv lq wkh hyhqw lq
S zklfk frqwdlqv ￿ {1Z hz l o og h q r w he |SR wkh lqirupdwlrq sduwlwlrq ri wkh
sduwlhv1 Wklv sduwlwlrq lv vxfk wkdw SR @ i￿j1 Wkxv sduwlhv rqo| nqrz wkdw
wkh phgldq w|sh lv lq wkh vhw ￿ dqg wkdw lw lv glvwulexwhg dffruglqj wr wkh
fxpxodwlyh glvwulexwlrq ixqfwlrq I1 Fdqglgdwhv pd| kdyh dq lqirupdwlrq
sduwlwlrq S gl￿huhqw iurp SR1 Zh zloo dovr eh lqwhuhvwhg lq zkdw kdsshqv
zkhq wkh lqirupdwlrq khog e| fdqglgdwhv _lpsuryhv%1 Lpsuryhphqwv lq lq0
<irupdwlrq zloo eh uhsuhvhqwhg e| ￿qhu sduwlwlrqv ri ￿1
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Zh dovr zulwh wkh lwk hohphqw ri S? dv L?




Jlyhq wkh sduwlwlrq S?/ dqg lq rughu wr vlpsoli| wkh qrwdwlrq/ zh zulwh
r+l, ￿ 5?3￿ ￿ l.4 =





ll, Iru doo qA4 dqg iru doo l ￿ ￿




￿ , dqg wkh lqwhuydo L?
JE￿￿ @ ^d?
JE￿￿3￿>d ?




JE￿￿ @ 4 ￿d?
￿3￿ dqg d?
JE￿￿3￿ @ 4 ￿d?
￿
Wkh ￿uvw sduw ri wkh dvvxpswlrq vd|v wkdw li q ￿Aqwkhq S?￿ lv d ￿qhu
sduwlwlrq wkdq S?= Wkxv/ sduwlwlrq S?￿ surylghv d ehwwhu lqirupdwlrq derxw
wkh glvwulexwlrq ri wkh phgldq yrwhu wkdq wkh lqirupdwlrq surylghg e| sdu0
wlwlrq S?1 Wkh vhfrqg sduw ri wkh dvvxpswlrq vwdwhv wkdw dq lqirupdwlrq
sduwlwlrq fdq kdyh qr eldv wrzdugv rqh ri wkh _vlghv%/ l1h1 hdfk hohphqw ri
wkh sduwlwlrq o|lqj rq wkh ohiw kdqg vlgh ri ￿
2 kdv lwv lghqwlfdo frxqwhusduw
rq wkh uljkw kdqg vlgh ri ￿
2=
Li fdqglgdwhv kdyh lqirupdwlrq sduwlwlrq S￿/ wkh| kdyh wkh vdph lqiru0
pdwlrq dv sduwlhv +wkdw lv/ SR @ S￿ @ i￿j,1 Zh zloo ghqrwh e| S" wkh ixoo
lqirupdwlrq fdvh/ wkdw lv/ wkh fdvh lq zklfk fdqglgdwhv nqrz wkh wuxh ydoxh
ri wkh phgldq w|sh1
43Fdqglgdwhv/ dv zhoo dv sduwlhv/ nqrz wkdw wkh sulru glvwulexwlrq iru wkh
phgldq w|sh lv jlyhq e| wkh fxpxodwlyh ghqvlw| ixqfwlrq I zlwk ghqvlw| ixqf0
wlrq i1 Krzhyhu/ wkh| dovr kdyh wkh lqirupdwlrq sduwlwlrq S?1 Ehiruh dq0
qrxqflqj wkhlu srolflhv erwk fdqglgdwhv revhuyh d vljqdo v?
￿/ m 5 i4>5>===5?3￿j
~wkh vdph vljqdo iru erwk fdqglgdwhv~ wkdw lqglfdwhv wkh hohphqw L?
￿ ri wkh
sduwlwlrq S? lq zklfk wkh wuxh phgldq w|sh olhv1 Diwhu revhuylqj wklv vlj0
qdo fdqglgdwhv xsgdwh wkh sulru wr rewdlq wkh srvwhulru ghqvlw| ixqfwlrq
i+{ m L?









sE+￿_+ iru doo { 5 L?
￿
3 rwkhuzlvh
Zh zulwh wkh fxpxodwlyh ghqvlw| ixqfwlrq dvvrfldwhg zlwk i+= m L?
￿ ,d v
I+= m L?
￿ ,1 Zh dovr zulwh wkh phgldq ri I+= m L?
￿ ,d vp?
￿ / l1h1/ I+p?
￿ m L?
￿ , @ ￿
21
Wkh lghd lv wkdw ehiruh uhfhlylqj wkh vljqdo fdqglgdwhv kdyh wkh vdph
lqirupdwlrq dv sduwlhv +wklv lqirupdwlrq lv fdswxuhg e| wkh sulru i1, Fdqgl0
gdwhv/ krzhyhu/ kdyh wkh dgydqwdjh ri ehlqj deoh wr revhuyh d vljqdo zklfk
surylghv pruh lqirupdwlrq derxw wkh ydoxh ri wkh phgldq w|sh1
Wkh srolwlfdo jdph lv vxfk wkdw/ diwhu revhuylqj vljqdo v?
￿ / hdfk fdqglgdwh
dqqrxqfhv +vlpxowdqhrxvo|, d srolf|1 Hdfk djhqw~lq d vlplodu zd| wr rxu
dvvxpswlrq lq wkh suhylrxv vhfwlrq~ yrwhv iru wkh fdqglgdwh wkdw dqqrxqfhg
wkh srolf| wkdw jlyhv kljkhu xwlolw| dffruglqj wr khu xwlolw| ixqfwlrq1 Ohw
d 5 ? +e 5?, eh wkh srolf| dqqrxqfhg e| fdqglgdwh ri sduw| O +U,1 Dv
lq wkh suhylrxv vhfwlrqv zh zulwh wkh _glylglqj% w|sh dv $_+d>e,@@nK
2 1 Ohw
￿u+d>e>L?
￿ ,+ ￿ -+d>e>L?
￿ ,, eh wkh suredelolw| ri zlqqlqj iru wkh fdqglgdwh ri
sduw| O +U, zkhq wkh lqirupdwlrq sduwlwlrq lv S?/ wkh vljqdo lv v?
￿ dqg wkh

















D Fdqglgdwh Htxloleulxp iru wkh lqirupdwlrq sduwlwlrq S? dqg wkh vljqdo
v?
￿ lv d sdlu ri sursrvdov +dW>e W, zklfk lv d Qdvk htxloleulxp ri wkh jdph
sod|hg e| wkh fdqglgdwhv zlwk wkh sd|r￿ ixqfwlrqv jlyhq e| +6, dqg +7,1
Wkh iroorzlqj ohppd vwdwhv wkdw wkh sursrvdov ri wkh fdqglgdwhv frqyhujh
wr wkh phgldq ydoxh ri wkh lghdo srolf| ri wkh phgldq yrwhu1 Wkxv/ wklv lv
d nlqg ri _phgldq yrwhu wkhruhp% zlwk xqfhuwdlqw|1
Ohppd 5 Ohw fdqglgdwhv kdyh lqirupdwlrq sduwlwlrq S? dqg revhuyh vljqdo
v?
￿ 1 Wkhq/ wkh xqltxh Fdqglgdwh Htxloleulxp lv jlyhq e| dW @ eW @ p?
￿ 1
Qrwlfh wkdw iru sduwlwlrq S￿ wkh fdqglgdwh htxloleulxp lv vxfk wkdw dW @
eW @ ￿
21 Rxu jrdo qrz lv wr dqdo|}h wkh h{shfwhg xwlolw| ri sduwlhv zkhq
fdqglgdwhv sod| wkh srolwlfdo jdph1 Lw lv dvvxphg wkdw sduwlhv nqrz S?/
wkh lqirupdwlrq sduwlwlrq ri wkh fdqglgdwhv1 Zkdw sduwlhv grq*w nqrz lv
wkh vljqdo revhuyhg e| fdqglgdwhv1 Wkh|/ krzhyhu/ dvvrfldwh suredelolwlhv
wr hdfk srvvleoh vljqdo1 Jlyhq lqirupdwlrq sduwlwlrq S? sduwlhv eholhyh wkdw
fdqglgdwhv zloo revhuyh vljqdo v?




￿ i+{,g{1W k x v /
wkh suredelolw| h?
￿ lv frqvlvwhqw zlwk wkh sulru i1 Sduwlhv dovr nqrz wkdw li
fdqglgdwhv revhuyh vljqdo v?
￿ wkh| zloo dgrsw wkh srolf| jlyhq e| wkh fru0
uhvsrqglqj fdqglgdwh htxloleulxp1 Wkxv/ wkh h{shfwhg xwlolw| iru sduwlhv
















Qh{w zh frpsduh wkh h{shfwhg xwlolw| ri sduwlhv xqghu wkh Fdqglgdwh
Htxloleulxp zlwk wkh xwlolw| wkh| jhw xqghu wkh Sduw| Htxloleulxp rewdlqhg
45lq Vhfwlrq 61 Wklv frpsdulvrq fohduo| ghshqgv rq wkh vshfl￿f lqirupdwlrq
sduwlwlrq wkdw fdqglgdwhv kdyh/ wkdw lv/ lw ghshqgv rq krz pxfk lqirupdwlrq
dgydqwdjh fdqglgdwhv kdyh1 Uhfdoo wkdw ￿ y￿ lv wkh xwlolw| sduw| l jhwv xqghu
wkh Sduw| Htxloleulxp1
Wkhruhp 6 Ohw Dvvxpswlrqv 4 dqg 5 krog1 Zh kdyh= l, Li sduwlhv dqg
fdqglgdwhv vkduh wkh vdph lqirupdwlrq wkh h{shfwhg xwlolw|/ iru erwk sduwlhv/
xqghu wkh Fdqglgdwh Htxloleulxp lv juhdwhu wkdq wkh h{shfwhg xwlolw| xqghu
wkh Sduw| Htxloleulxp1 ll, Lq wkh fdvh fdqglgdwhv kdyh ehwwhu lqirupdwlrq
wkdq wkh sduwlhv/ wkh h{shfwhg xwlolw| sduwlhv jhw iurp wkh Fdqglgdwh Htxl0
oleulxp ghfuhdvhv dv wkh lqirupdwlrqdo dgydqwdjh ri fdqglgdwhv ryhu sduwlhv
lqfuhdvhv1 lll, Ohw fdqglgdwhv nqrz wkh wuxh ydoxh ri wkh phgldq w|sh1 Wkhq/
sduwlhv duh ehwwhu r￿ xqghu wkh sduw| Htxloleulxp wkdq xqghu wkh Fdqglgdwh
Htxloleulxp1 Irupdoo| iru l @ O>U
l,￿ y￿ ?y S
￿+4,>
ll, yS
￿+q,> lv ghfuhdvlqj lq q>
lll,￿ y￿ ￿ yS
￿+4,=
Wkh wkhruhp vkrzv wkdw li fdqglgdwhv kdyh qr lqirupdwlrq dgydqwdjh
wkhq erwk sduwlhv duh ehwwhu r￿ xqghu wkh Fdqglgdwh Htxloleulxp wkdq xqghu
wkh Sduw| Htxloleulxp1 Lq wkh Sduw| Htxloleulxp/ sursrvdov grq*w frqyhujh
dqg/ dv d frqvhtxhqfh/ erwk sduwlhv jhw lqyroyhg lq d orwwhu|1 Xqghu wkh
Fdqglgdwh Htxloleulxp/ rq wkh frqwudu|/ sursrvdov frqyhujh1 Wkxv/ fdqgl0
gdwhv fdq eh vhhq dv d ghylfh wr orzhu wkh ulvn wkdw zrxog eh fuhdwhg e|
gluhfw frpshwlwlrq ri wkh wzr lghrorjlfdo sduwlhv1 Krzhyhu/ lw lv lpsruwdqw
wr hpskdvl}h wkdw wklv uhvxow grhv qrw lpso| wkdw wkh phpehuv ri d sduw|
suhihu wkdw lw eh uxq e| d fdqglgdwh zkr lv lqwhuhvwhg rqo| lq zlqqlqj1 Lq
idfw/ d sduw| lv qrw ehwwhu r￿ li xqlodwhudoo| ohwv lwv fdqglgdwh fkrrvh wkh
srolf| sursrvdob1 Wkxv/ wkh wkhruhp rqo| dqdo|}hv wkh zhoiduh lpsolfdwlrqv
ri wzr h{rjhqrxvo| jlyhq srolwlfdo frpshwlwlrq vhwwlqjv1 Rqh pljkw frqvlghu
b5@) |￿@| L?*) T@h|) u _i*i}@|it TL*￿U) ti*iU|￿L? |L ￿|t U@?_￿_@|i￿ W? |￿￿t U@tic T@h|)
46d ulfkhu prgho wkdq wkh rqh ghyhorshg lq wklv sdshu lq zklfk wkhvh vhwwlqjv
duh hqgrjhqrxv1 Iru lqvwdqfh/ frqvlghu d wzr0shulrg jdph lq zklfk lq wkh
￿uvw shulrg sduwlhv fkrrvh +vlpxowdqhrxvo|, zkhwkhu ru qrw wr _ghohjdwh% rq
fdqglgdwhv1 Lq wkh vhfrqg shulrg hlwkhu wkh sduw| ru wkh fdqglgdwh/ ghshqg0
lqj rq wkh ￿uvw shulrg fkrlfh/ fkrrvhv srolf| dqg wkh hohfwlrq wdnhv sodfhv1
Lw lv qrw gl￿fxow wr vhh wkdw wkh xqltxh +vxejdph shuihfw, Qdvk htxloleulxp
ri wklv jdph lpsolhv qr ghohjdwlrq dqg/ dv d frqvhtxhqfh/ wkh sd|r￿ rxw0
frph frlqflghv zlwk wkh xwlolwlhv rewdlqhg xqghu wkh Sduw| Htxloleulxp ri
rxu prgho1 Wkxv/ wkh sduwlhv* ghflvlrqv wr ghohjdwh srolf| vhohfwlrq wr wkh
fdqglgdwhv lv d vruw ri sulvrqhuv* glohppd￿f1
Wkh vhfrqg sduw ri wkh wkhruhp vwdwhv wkdw wkh h{shfwhg xwlolw| sduwlhv
jhw iurp wkh Fdqglgdwh Htxloleulxp ghfuhdvhv dv wkh lqirupdwlrqdo dgydq0
wdjh ri fdqglgdwhv ryhu sduwlhv lqfuhdvhv1 Wr jhw dq lqwxlwlrq iru wklv uhvxow
wklqn/ iru h{dpsoh/ ri wkh ixoo lqirupdwlrq fdvh S" +wklv lv wkh fdvh lq wkh
wklug sduw ri wkh wkhruhp,= sduwlhv nqrz wkdw wkh Fdqglgdwh Htxloleulxp
frlqflghv zlwk wkh wuxh phgldq w|sh zklfk fdq eh dq| srolf| lq ^3>4‘ +zlwk
ghqvlw| ixqfwlrq i,1 Wkxv/ ohwwlqj fdqglgdwhv sod| wkh srolwlfdo jdph lv qrw
dq _lqvxudqfh ghylfh% dq| pruh dqg zh kdyh yS
￿+4, ￿ ￿ y￿1 Lq wklv fdvh/ sdu0
wlhv duh ehwwhu r￿ li wkh|/ lqvwhdg ri wkh fdqglgdwhv/ fkrrvh wkh sursrvdov￿￿1
- ￿L￿*_ ThLTLti TL*￿U) o ’ ￿ E￿|t ￿_i@* TL*￿U)￿ @?_ |￿i U@?_￿_@|i Lu u ￿L￿*_ ThLTLti @
TL*￿U) |￿@| L?*) t*￿}￿|*) _￿giht uhL4 o￿ W| ￿t U*i@h |￿@| ￿ihi |￿i i TiU|i_ ￿|￿*￿|) uLh T@h|)
u ￿t *itt |￿@? ￿?_ih |￿i ￿@h|) ￿L4Ti|￿|￿L? i^￿￿*￿Mh￿￿4￿
￿fW |￿@?! @? @?L?)4L￿t hiuihii uLh t￿}}it|￿?} |￿￿t LMtih￿@|￿L?￿
￿￿W? |￿i U@ti Lu UL4Ti|￿|￿L? ￿￿|￿ #L￿?t￿@? U@?_￿_@|it ￿i ￿@￿i t￿TTLti_ |￿@| U@?_￿_@|it
@hi uhii |L U￿LLti |￿i TL*￿|￿U@* ThLTLt@*t￿ ￿ 4Lhi hi@*￿t|￿U @TThL@U￿ 4￿}￿| UL?t￿_ih TLtt￿M*i
hit|h￿U|￿L?t L? U@?_￿_@|it< U￿L￿Uit￿ ￿@h|￿it 4@) Mi @M*i |L ￿4TLti tL4i ML￿?_t L? |￿i
ti| Lu TL*￿U￿it U@?_￿_@|it U@? @_LT|￿ ￿?i U@? t￿L￿c ￿L￿i￿ihc |￿@| |￿i i^￿￿*￿Mh￿￿4 ￿? |￿￿t
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Wkh uhvxowv surylghg lq rxu prgho kljkoljkw wkh srvvlelolw| wkdw surihvvlrqdo
srolwlfldqv +wkh fdqglgdwhv, sod| dq _lqvxudqfh% uroh lq wkh frpshwlwlrq
dprqj srolwlfdo sduwlhv1 Wklv lv pruh olnho| wr kdsshq zkhq phpehuv ri
wkh sduw| kdyh wkh vdph lqirupdwlrq dv fdqglgdwhv derxw wkh ydoxh ri wkh
phgldq yrwhu w|sh1 Wklv srvvleoh lqvxudqfh h￿hfw grhvq*w suhfoxgh/ reyl0
rxvo|/ wkdw h{0srvw/ l1h1 diwhu wkh hohfwlrq/ wkh sduw| fdq eh glvvdwlv￿hg zlwk
wkh srolf| fkrvhq e| wkh fdqglgdwh1
Wzr lpsruwdqw uhpdunv kdyh wr eh pdgh= l, Zh kdyh frpsduhg wkh
vlwxdwlrq lq zklfk erwk sduwlhv fkrrvh srolf| yhuvxv wkh vlwxdwlrq lq zklfk
erwk fdqglgdwhv fkrrvh srolf|1 Rqh pd| wklqn wkdw zkr fkrrvhv srolf| lv
dovr sduw ri wkh vwudwhj| ri sduwlhv/ wkdw lv/ wr ghohjdwh ru qrw wr ghohjdwh
wkh srzhu wr wkh fdqglgdwhv pd| eh vhhq dv sduw ri wkh srolwlfdo frpshwlwlrq
ehwzhhq sduwlhv1 Lq wklv fdvh/ wkh sduw| pljkw ghvljq _lqfhqwlyh vfkhphv% iru
wkh fdqglgdwhv1 Dq dqdo|vlv ri wkhvh srvvlelolwlhv lv ohiw iru ixwxuh uhvhdufk1
ll, Rqh ri wkh vwurqj dvvxpswlrqv lq wkh prgho lv wkdw wkh lghdo srolf| ri
wkh h{shfwhg phgldq yrwhu lv orfdwhg dw wkh vdph glvwdqfh iurp wkh lghdo
srolf| ri sduw| U dqg wkh lghdo srolf| ri sduw| O1 Wkxv/ sduwlhv duh orfdwhg
v|pphwulfdoo| derxw wkh h{shfwhg phgldq yrwhu1 Zh eholhyh wkdw wklv lv
d jrrg ￿uvw dssur{lpdwlrq1 Lq d pruh jhqhudo prgho/ krzhyhu/ rqh sduw|/
vd| O/ pd| eh forvhu wr wkh h{shfwhg phgldq wkdq sduw| U1 Lq wklv fdvh/
wkh ￿uvw sduw ri wkh wkhruhp grhvq*w qhhg wr krog> lw pljkw eh wkh fdvh
wkdw/ iru hqrxjk dv|pphwu| lq wkh orfdwlrq ri sduwlhv/ U lv ehwwhu r￿ xqghu
wkh Sduw| Htxloleulxp wkdq xqghu wkh Fdqglgdwh Htxloleulxp zkhq sduwlhv
dqg fdqglgdwhv kdyh wkh vdph lqirupdwlrq1 Wkh uhdvrq zrxog eh wkdw hyhq
wkrxjk wkh Fdqglgdwh Htxloleulxp eulqjv frqyhujhqfh lq wkh sursrvdov/ wkh
h{shfwhg ydoxh ri wkh orwwhu| lqgxfhg e| wkh Sduw| Htxloleulxp lv pxfk
forvhu wr U wkdq wkh srolf| rxwfrph xqghu wkh Fdqglgdwh Htxloleulxp1 D
jhqhudo dqdo|vlv ri wklv fdvh lv gl￿fxow vlqfh wkh Sduw| Htxloleulxp zrxog
48ghshqg vwurqjo| rq wkh vshfl￿f w|sh ri xwlolw| ixqfwlrq dgrswhg1 Wkh vhfrqg
sduw ri wkh wkhruhp/ krzhyhu/ zrxog vwloo krog= wkh ehwwhu wkh lqirupdwlrq
fdqglgdwhv kdyh derxw wkh glvwulexwlrq ri yrwhuv wkh orzhu wkh h{shfwhg
xwlolw| iru erwk sduwlhv1
S ￿￿￿,￿#Wj
Surri ri Ohppd 4 = l, D qhfhvvdu| frqglwlrq iru +oR>uR, wr eh d Srolwlfdo
Htxloleulxp lv wkdw uR l vdv r o x w l r qw r
pd{
o y-+oR>u, +:,
Vlqfh wkh phgldq w|sh lv dozd|v dq hohphqw ri ^3>4‘ zh kdyh wkdw iru dq|
o 5 ? wkhuh h{lvwv u￿ 5 ^3>4‘ vxfk wkdw y-+o>u￿, Ay -+o>u,iru doo u 9 5^3>4‘1 D
vlplodu dujxphqw dssolhv iru sduw| O1 Wkxv/ zlwkrxw orvv ri jhqhudolw|/ zh
fdq uhvwulfw rxuvhoyhv wr sursrvdov +vwudwhjlhv, lq wkh lqwhuydo ^3>4‘1 Uhfdoo
wkdw iru u 9@ o zh kdyh wkdw x- dqg ￿+o>u, duh gl￿huhqwldeoh lq u1W k x vw k h
ixqfwlrq y-+o>u, lv gl￿huhqwldeoh dw doo u 5 +o>4‘= Vlqfh y-+o>o,@x-+o,z h
kdyh
y-+o>u, Ay -+o>o, iru doo u 5 +o>4‘ +;,
Lqhtxdolw| +;, douhdg| vkrzv wkdw wkhuh fdq qrw eh v|pphwulf htxloleulxp
zlwk oR @ uR=
Wkh idfw wkdw x￿
-+4, @ 3 dqg lqhtxdolw| +;, lpso| wkdw wkh vroxwlrq wr












-+u,@3 + < ,










49Qh{w zh vkrz wkdw wkhuh h{lvwv d sdlu +oR>u R,/ uR @4￿oR/vdwlvi|lqj htxdwlrq










Wkh ohiw kdqg vlgh ri +44, lv dozd|v htxdo wr
￿38Ef￿D￿






￿ lv d frqwlqxrxv ixqfwlrq lq wkh lqwhuydo ^3=8>4‘ zlwk ￿+3=8 ,@3d q g￿ + 4 ,@
41 Wkxv wkhuh h{lvwv uR ￿ 3=8 vxfk wkdw ￿+uR,@n1 Khqfh zh kdyh vkrzq
wkh h{lvwhqfh ri uR @ 4￿oR vdwlvi|lqj wkh ￿uvw rughu frqglwlrq +43,1 Wr vkrz
wkdw uR lv d vroxwlrq wr +:, lw lv hqrxjk wr suryh wkdw wkhuh lv qr u￿ 9@ uR zklfk
dovr vdwlv￿hv htxdwlrq +43,1 Vxssrvh qrw1 Ohw u￿ ?u R +d vlplodu dujxphqw







































Exw lqhtxdolw| +48, frqwudglfwv wkh idfw wkdw x- lv frqfdyh dqg vwulfwo| lq0
fuhdvlqj lq wkh lqwhuydo ^3>4‘1
Jlyhq wkdw x- dqg xu duh v|pphwulf zlwk uhvshfw wr wkh srlqw 318 vxfk
sdlu ri srolflhv +oR>uR,l vv x f kw k d woR lv wkh ehvw vwudwhj| iru sduw| O jlyhq
4:wkdw sduw| U dqqrxqfhv uR1 Khqfh zh kdyh vkrzq wkh h{lvwhqfh ri d v|p0
phwulf sduw| htxloleulxp +oR>uR,1
ll, Lw rqo| uhpdlqv wr suryh xqltxhqhvv ri wkh v|pphwulf htxloleulxp1
Vxssrvh wkdw wkhuh h{lvw u dqg u￿/ u￿ ?u / vxfk wkdw +4￿u>u, dqg +4￿u￿>u￿,
duh erwk v|pphwulf htxloleuld1 Vlqfh dq| htxloleulxp srolf| kdv wr vdwlvi|



























dqg wklv odvw htxdolw| frqwudglfwv wkh idfw wkdw x- lv frqfdyh dqg vwulfwo|
lqfuhdvlqj lq wkh lqwhuydo ^3>4‘1 THG1
Surri ri ohppd 5= +vnhwfk, Iluvw zh vkrz wkdw dw htxloleulxp fdqgl0
gdwhv pxvw sursrvh wkh vdph srolf|1 Vxssrvh wklv lv qrw wkh fdvh dqg ohw
dW ?e W + zkhqhyhu lw grhvq*w fuhdwh frqixvlrq zh rplw wkh vxevfulsw,1 Wkhq
lw lv fohdu wkdw srolf| d￿ vxfk wkdw dW ?d ￿ ?e W lqfuhdvhv wkh ydoxh ri wkh










Zklfk lv d frqwudglfwlrq1 Vhfrqg zh vkrz wkdw ￿ j @ ￿ g 9@ p?c￿ fdq qrw
eh dq htxloleulxp1 Vxssrvh wkh frqwudu| dqg ohw ￿ jAp ?
￿ 1Z h k d y h w k d w
￿u+￿ j> ￿ g>L?
￿ ,@￿
21 Exw lw lv fohdu wkdw iru doo ￿ j / p?
￿ ? ￿ j?￿ j zh kdyh
￿u+￿ j> ￿ g>L?
￿ , A ￿
21 Khqfh +￿ j> ￿ g, fdq qrw eh dq fdqglgdwh htxloleulxp1 Lw rqo|
uhvwv wr vkrz wkdw dW @ eW @ p?
￿ lv d fdqglgdwh htxloleulxp1 Wklv iroorzv
hdvlo| vlqfh dq| lqglylgxdo ghyldwlrq zrxog uhgxfh wkh suredelolw| ri zlqqlqj
wr ohvv wkdq 3181T1H1G1
4;Surri ri wkhruhp 6=
l, ￿ yu lv wkh xwlolw| iru sduw| O ri wkh orwwhu| wkdw zlwk suredelolw| 425
jlyhv srolf| oR dqg zlwk suredelolw| 425 jlyhv srolf| uR1 Uhfdoo wkdw oR @
4 ￿ uR vr wkdw wkh h{shfwhg ydoxh ri wklv orwwhu| lv 4251 Qrz yS
u+4, lv wkh
xwlolw| wkdw O jhwv xqghu wkh Fdqglgdwh Htxloleulxp zkhq wkh sduwlwlrq lv
S￿ @ SR @ ￿1 Lq wklv htxloleulxp erwk fdqglgdwhv dqqrxqfh wkh vdph srolf|
dW @ eW @ ￿
21 Vlqfh wkh xwlolw| ixqfwlrq xu lv vwulfwo| frqfdyh lw hdvlo| iroorzv
wkdw yu ?y S
u+4,1 Wkh vdph dujxphqw zrunv iru sduw| U1





-+q, lv wkh h{shfwhg xwlolw| iru sduw| U zkhq fdqglgdwhv kdyh
wkh lqirupdwlrq sduwlwlrq S?/ l1h1/ yS
-+q, lv wkh h{shfwhg xwlolw| ri wkh _orw0
whu|% wkdw jlyhv p?




￿ i+{,g{ @ I+d?















￿ ￿ ^3> ￿





E| Dvvxpswlrq 4 i lv lqfuhdvlqj rq wkh lqwhuydo ^3> ￿
2‘1 Khqfh I lv frqyh{
rq ^3> ￿
2‘d q gI3￿ frqfdyh rq ^3> ￿








































2￿32￿ 1Lw lv dozd|v wuxh wkdw ￿ 5 ^3>4‘/ wkhq wkh










































































E| Dvvxpswlrq 4 i lv ghfuhdvlqj rq wkh lqwhuydo ^￿
2>4‘1 Khqfh/ wkh vdph




















Lw lv qrw gl￿fxow wr vhh wkdw v|pphwu| ri i durxqg ￿
2 dqg sduw ll, lq Dv0













































Wr suryh wkdw yS
-+q, ￿ yS
-+q . 4, lv hqrxjk wr vkrz wkdw hdfk whup lq
htxdwlrq +55, lv juhdwhu +ru htxdo, wkdq wkh fruuhvsrqglqj whup lq htxdwlrq





































































































D @ D +58,
Wkh idfw wkdw iru doo m dqg q zh kdyh p?































￿ E ￿ D
dqg zh frqfoxgh wkdw +57, krogv1
















Ohw J =^ 3 >4‘ $ ^3>4‘ eh gh￿qhg e|
J+{,@
;
A A A ?
A A A =
3l i 3 ￿ {?o R
￿
2 li oR ￿ {?u R
4l i uR ?{
Wkxv J+{, lv wkh fxpxodwlyh ghqvlw| ixqfwlrq dvvrfldwhg zlwk wkh _orw0
whu|% lqgxfhg e| wkh Sduw| Htxloleulxp1 Qrwlfh wkdw x- lv frqfdyh dqg
wkh h{shfwhg srolf| xqghu wkh Sduw| Htxloleulxp frlqflghv zlwk wkh h{0
shfwhg srolf| xqghu wkh Fdqglgdwh Htxloleulxp dqg lv htxdo wr ￿
2= Qrwh wkdw
















I+{,g{> iru doo | 5 ^3>4‘ +5<,
55Lqhtxdolw| +5<, lpsolhv wkdw I lv d phdq0suhvhuylqj vsuhdg ri J1 Khqfh/ dq|
ulvn0dyhuvh djhqw suhihuv J ehwwhu wkdq I +vhh Urwkvfklog0Vwljolw}^48‘1,
Dvvxpswlrq 4 lpsolhv wkdw I+￿
2, @ ￿
2 dqg I+oR, ? ￿
2= Wkhq/ lw lv vwudljkw0




























oR I+{,g{> iru doo | 5 ^uR>4‘= +63g,
V|pphwu| ri i durxqg wkh srlqw ￿








I+{,g{ @3 = +64,












Lw lv qrz hdv| wr vkrz wkdw +65,/+64,/ +63d/e/f/g, dqg +5;, lpso| lqhtxdolw|
+5<,1 T1H1G1
56+iuihi?Uit
^4‘ Dohvlqd/ D1 4<;;/ _Fuhglelolw| dqg srolf| frqyhujhqfh lq d wzr sduw|
v|vwhp zlwk udwlrqdo yrwhuv/% Dphulfdq Hfrqrplf Uhylhz :;/ :<90;391
^5‘ Dohvlqd/ D1 dqg K1 Urvhqwkdo/ 4<<9/ _D Wkhru| ri glylghg jryhuqphqw/%
Hfrqrphwulfd 97/ Q31 9/ 4644046741
^6‘ Dohvlqd/ D1 dqg K1 Urvhqwkdo/ 4<<8 Sduwlvdq srolwlfv/ glylghg jryhuq0
phqw/ dqg wkh hfrqrp|/ Qhz \run= Fdpeulgjh Xqlyhuvlw| Suhvv1
^7‘ Eduorz/ U1H1 dqg I1 Survfkdq/ 4<;4/ Vwdwlvwlfdo wkhru| ri uholdelolw| dqg
olih whvwlqj/ Wr Ehjlq Zlwk/ Vloyhu Vsulqj/ PG1
^8‘ Fdoyhuw/ U1 4<;8/ _Urexvwqhvv ri wkh pxowlglphqvlrqdo yrwlqj prgho=
fdqglgdwh prwlydwlrqv/ xqfhuwdlqw| dqg frqyhujhqfh/% Dphulfdq Mrxu0
qdo ri Srolwlfdo Vflhqfh 5</ 9<0<8
^9‘ Fdsolq/ D1 dqg E1 Qdohex￿/ 4<<41 _Djjuhjdwlrq dqg vrfldo fkrlfh= d
phdq yrwhu wkhruhp/% Hfrqrphwulfd/ 8</ 4=40561
^:‘ Fr{/ Jdu| Z1/ 4<;:/%Hohfwrudo htxloleulxp xqghu dowhuqdwlyh yrwlqj
lqvwlwxwlrqv1% Dphulfdq Mrxuqdo ri Srolwlfdo Vflhqfh/ 64=;5043;1
^;‘ Ghq}dx/ D1/ D1 Ndwv dqg V1 Voxwvn|/4<;8/ _Pxowl0Djhqw htxloleuld zlwk
pdunhw vkduh dqg udqnlqj remhfwlyhv1 Vrfldo Fkrlfh dqg Zhoiduh/ 5=<80
44:1
^<‘ Grzqv/ D1 4<8: Dq hfrqrplf wkhru| ri ghprfudf|/ Qhz \run= Kdushu
Froolqv1
^43‘ Hdwrq/ E1F1 dqg U1 Olsvh|/ 4<:8 _Wkh sulqflsoh ri plqlpxp gl￿hu0
hqwldwlrq uhfrqvlghuhg=vrph qhz ghyhorsphqwv lq wkh wkhru| ri vsdwldo
frpshwlwlrq%/ Uhylhz ri Hfrqrplf Vwxglhv 75=5:0831
57^44‘ Kdqvvrq/ L1 dqg F1 Vwxduw/ 4<;71 _Yrwlqj frpshwlwlrqv zlwk lqwhuhvwhg
srolwlfldqv= Sodwirupv gr qrw frqyhujh wr wkh suhihuhqfhv ri wkh phgldq
yrwhu/% Sxeolf Fkrlfh 77/ 76407741
^45‘ Ruwxqr0Ruw￿ ￿q/ L1 4<<: _D vsdwldo prgho ri srolwlfdo frpshwlwlrq dqg
sursruwlrqdo uhsuhvhqwdwlrq/%Vrfldo Fkrlfh dqg Zhoiduh 47> 75:076;1
^46‘ Rveruqh/ Pduwlq M1 4<<81 _Vsdwldo prgho ri srolwlfdo frpshwlwlrq xqghu
soxudolw| uxoh= d vxuyh| ri vrph h{sodqdwlrqv ri wkh qxpehu ri fdqgl0
gdwhv dqg wkh srvlwlrq wkh| wdnh1% Fdqdqgldq Mrxuqdo ri Hfrqrplfv/
[[YLLL/ Qr 5/ 59406341
^47‘ Sudww/ Mrkq/ 4<;41 _Frqfdylw| ri wkh orj olnholkrrg1% Mrxuqdo ri wkh
Dphulfdq Vwdwlvwlfdo Dvvrfldwlrq/ :9/ 6:6=43604391
^48‘ Urwkvfklog P1/ M1 Vwljolw} 4<:31_Lqfuhdvlqj ulvn L=d gh￿qlwlrq1% Mrxuqdo
ri Hfrqrplf Wkhru|/ 5/ 648065<
^49‘ Urhphu/ M1H1 4<<71 _D wkhru| ri srolf| gl￿huhqwldwlrq lq vlqjoh lvvxh
hohfwrudo srolwlfv/% Vrfldo Fkrlfh dqg Zhoiduh 44/ 66806;31
^4:‘ ~ Lq suhvv1 _Srolwlfdo0hfrqrplf htxloleulxp zkhq sduwlhv uhsuhvhqw frq0
vwlwxhqwv= Wkh xqlglphqvlrqdo fdvh1% Vrfldo Fkrlfh dqg Zhoiduh1
^4;‘ Zlwwpdq/ G1 4<;61 _Fdqglgdwh prwlydwlrq= d v|qwkhvlv ri dowhuqdwlyh
wkhrulhv1% Dphulfdq Srolwlfdo Vflhqfh Uhylhz ::/ 475048:1
^4<‘ ~4<<31 _Vsdwldo vwudwhjlhv zkhq fdqglgdwhv kdyh srolf| suhihuhqfhv/%lq
M1 Hqhorz dqg P1 Klqlfk/ Dgydqfhv lq wkh vsdwldo wkhru| ri yrwlqj/
Fdpeulgjh=Fdpeulgjh Xqlyhuvlw| Suhvv1
58